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Rheological equations of state are  obtained for weak solutions of po lymers  as r igid ellipsoidal 
macromolecules ,  taking into account the rotat ional  Brownian motion of the macromolecules ,  
their energy,  and the external  force fields (electric and magnetic). As an example the effect 
of the inertia of the macromolecules  on the theological  behavior of the solutions is examined. 

In recent  yea r s  a number of phenomenological theories  have appeared in rheology which have received 
the name of s t ruc tura l  continuum theory.  In them attempts a re  made to account for the s t ruc tura l  proper t ies  
of a medium by introducing one or severa l  pa rame te r s  into the equation of state, with the help of which one 
can descr ibe the behavior of the s t ructure  (orientation, deformation,  interaction of subst ructure  elements) 
[1-6]. 

A s t ructural -cont inuum approach,  incorporat ing the resu l t s  obtained f rom the position of mac ro -  and 
microrheology,  was proposed in [7] for the construct ion of theological  equations of state of weak solutions 
of po lymers ,  the macromolecules  of which could be simulated by re la t ively  simple geometr ica l  bodies. 
Rheological equations of state are  obtained for weak solutions of polymers ,  for which a r igid ellipsoid of 
rotat ion can serve  as the macromolecule  model, taking the Brownian motion of the lat ter  into account. 

The resul t s  of [7] are  general ized below taking into account the inertia of the macromolecules  and the 
effect of external  force fields. 

We shall examine the determining equations of an incompress ible  anisotropic  liquid [6] for i sothermal  
flow with a fixed length of the vector  n i charac ter iz ing  the subst ructure  behavior (the orientation, in the case 
under examination): 

tij = (ao -4- alda,nn~n,n) 5~j ~- a2nln j ~- a3d~,~n~n~nln j ~- a~d~j ~- asd~n~n j + aedj~n~n~ + aTniNj -~ asnjNi (1) 

"hi = '~ [ N~ --  ~. (d~nj --  di~n~n~n~) l + 5n~ 
(2) 

where tij is the tensor  of the s t r e s ses ,  Ni = hi-~oijnj ,  dij is the tensor  of the ra tes  of deformation,  wij is 
the vor tex tensor ,  % h, 5, a k (14 = 0, 1 . . . . .  8) a re  rheological  constants,  and 5ij is the Kronecker  symbol. 

The theological  constants in Eq. (1) can be determined with the help of the resu l t s  obtained by Jef fery  
[8], which detected dis turbances introduced into the flow of a viscous Newtonian liquid by a r igid ellipsoid 
suspended in it. Knowing these dis turbances,  we find the tensor  of the s t r e s ses  ~ij at the surface of a sphere,  
the center of which coincides with the center  of the suspended par t ic le ,  while the radius R considerably ex- 
ceeds its dimensions.  In a moving sys tem of coordinates x i with the origin at the center  of the par t ic le  and 
with axes directed along the main axes of the ellipsoid of rotat ion corresponding to the shape of the par t ic le ,  
we obtain 
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where  2a and b a r e  the axis  of ro ta t ion  and the equator ia l  rad ius  of the e11ipsoidal par t ic le ,  r e spec t ive ly ,  
p is the p r e s s u r e ,  g is the dynamic  coef f ic ien t  of  v i s c o s i t y  of  the solvent ,  the va lues  a0, fl0, ~ ,  3~, ~ ,  and 
fld' a r e  d e t e r m i n e d  in [8], and o:~ and coz a r e  componen ts  of  the angu la r  ve loc i ty  of  ro t a t ion  of  the e l l ipso ida l  
pa r t i c l e .  

As the s t r e s s  t e n s o r  d e s c r i b i n g  the s ta te  of  s t r e s s  in the solut ion we use  the a v e r a g e  of  the s t r e s s  
t e n s o r  aij over  the vo lume of  the sphere  under  cons ide ra t ion ,  which we find by a c o n v e r s i o n  f r o m  the in-  
t e g r a l  o v e r  the vo lume of  the sphe re  to an  in teg ra l  ove r  i ts  su r face  [9] : 
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w h e r e  V is the v o l u m e t r i c  concen t r a t i on  of the suspended  p a r t i c l e s .  

We shal l  c o n s i d e r  the funct ion (1) in the moving s y s t e m  of coo rd ina t e s  xi.  taking as  the v e c t o r  ni the 
unit  vec to r  d i r ec t ed  along the axis  of  ro t a t ion  of the e l l i p s o i d a l p a r t i c l e .  Then  n 1 = 1. n 2 = 0. n 3 = 0. hi = 0. 
f~ = r 3, h 3 = - w  2 . and the componen t s  o f  the s t r e s s  t e n s o r  {tij} in (1) take  the f o r m  
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Compar ing  (4) and (5). we obtain  
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a~ ~ ~ ~ o ' B  2b~ao ' '  ' a 7  - -  ab~B ~ a s  = ab2B 

Thus,  the constants  a k (k = 0, 1, 3 . . . . .  8) in Eq. (1) a r e  de te rmined  up to an examinat ion of the r o t a -  
tion of the suspended pa r t i c l e s .  In the compar i son  of (4) and (5) a 2 had to be se t  equal to 0, but by analogy 
with [7] we shall  leave the value of a 2 indeterminant  for now since in the p r e s e n t  ease  the t e r m  of Eq. (1) 
containing a 2 can be used to calcula te  the rota t ional  Brownian motion of the mac romolecu l e s .  

In the genera l  case ,  in addition to hydrodynamic fo rces ,  fo rces  produced by ro ta t iona l  Brownian mo-  
tion and by ex te rna l  force  fields can act  on the pa r t i c le .  In this case  the or ienta t ion of the par t i c le  is c h a r -  
ac t e r i zed  by dis t r ibut ion functions of the angular  posi t ions  of the axis  of ro ta t ion  F of the e l l ipsoidal  p a r -  
t ic le ,  which is de te rmined  f r o m  the equation [10] 

OF / Ot = D r A F  - -  div (F f]) (7) 

Here  t is  the t ime ,  Dr is the coeff icient  of ro ta t ional  diffusion of the pa r t i c le ,  A is  the Laplace  ope ra to r ,  
and ~2 is the angular  veloci ty  of the pa r t i c le .  

The equation of or ienta t ion for  an el l ipsoidal  pa r t i c le ,  neglect ing the moment  of iner t ia  r e l a t ive  to the 
axis  of ro ta t ion  of the el l ipsoid in the s y s t e m  of coordinates  xi, has the f o r m  

0 = Mx + Mx ~ I ((b~. - -  %.ws),= M~ + M~ ~ I ((1)3 -}- fl)l 0"~) = M3 + Ma ~ (8) 

where  I is the moment  of iner t ia  of the e l l ipsoid r e l a t ive  to an axis lying in its equator ia l  plane,  wk (k = 1, 
2, 3) a re  components  of the angular  ve loci ty  of the el l ipsoid,  lV[ k a r e  components  of the moment  of the hy-  
drodynamic  fo rces ,  de te rmined  by J e f f e r y ' s  method [8], and M R a re  components  of the moment  of fo rces  
produced by ex te rna l  f ields and dependent on the p r o p e r t i e s  of the pa r t i c l e s  and the ex te rna l  f ields.  

We note that in the absence  of ex te rna l  force  fields Eqs.  (8) coincide with Eqs.  (2) for  the adopted in- 
t e rp re t a t ion  of the vec to r  ni and a suitable f o r m  of the chosen theo log ica l  constants  T, ~, and 6. 

As the rheologica l  equations of s tate  of weak solutions of p o l y m e r s ,  the m a c r o m o l e c u l e s  of which can 
be s imula ted  by a r ig id  el l ipsoid of rotat ion,  we take the expres s ion  for  the s t r e s s  t ensor  of an an iso t rop ic  
liquid of E r i c k s e n  tij (1), ave raged  using the dis tr ibut ion function of F de te rmined  by Eqs.  (7) and (8), with 
rheologica l  constants  a k (k = 0, 1, 3 . . . . .  8) r e l a t ed  to the subs t ruc tu re  p a r a m e t e r s  by Eqs.  (6): 

T~j = ( t i i ) =  (ao + ald~r~ (nknrn)) 8ij , +  a2 (n~nj)  + a f l km  (n~nmn~n~) + a~d~ -4- 
(9) 

To de te rmine  the theo log ica l  constant  a2 we shall  examine the pa r t i cu la r  case  when the ex te rna l  fo rce  
f ie lds  a re  absent  and the iner t i a  of the pa r t i c l e s  is negligibly smal l .  Then the or ienta t ion equations have the f o r m  

M 1 = O,M~ = O, Ma = 0  

and coincide with E r i c k s e n ' s  or ienta t ion equations of a s imple  an iso t rop ic  liquid [11] 

N i  = L (d~jnj - -  d~n~n~ni) (10) 

for  the chosen in te rpre ta t ion  of the vec to r  ni and X = (a 2 - b  2) (a 2 + b 2)-1. The la t ter  fotlows f r o m  the genera l  
express ion  ~ = ( a 6 - a s )  (as-aT) - t  [6, 12] and Eqs.  (6). 

Substituting (10) into (9),we a r r i v e  in the p r e sen t  ease  a t  the rheologiea l  equations obtained in [7] for  

�9 a 2 = i 2 ~ D r  v~ a~--b  ~ ab e B (11) 

We shall  take the value of a 2 de te rmined  f r o m  Eq. (11) as the miss ing  rheologica l  constant.  
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A s  an  e x a m p l e  we s h a l l  e x a m i n e  Couet te  f low of  a so lu t i on  of p o l y m e r s  c o n s i s t i n g  of  r i g i d  e l l i p s o i d a l  
m a c r o m o l e e u l e s  in the  a b s e n c e  of  e x t e r n a l  f o r c e  f i e l d s  and  n e g l e c t i n g  r o t a t i o n a l  B r o w n i a n  mot ion .  

The  equa t ions  of  o r i e n t a t i o n  have  the  f o r m  

M1 = 0, I ((o~ - -  O)le)a) = M~, I (~)a -~ ~ )  = M ,  (12) 

Subs t i tu t ing  into (12) the  v a l u e s  of the  m o m e n t  of  i n e r t i a  and  the m o m e n t s  of  the  h y d r o d y n a m i c  f o r c e s  
c o m p u t e d  by  J e f f e r y  [8] fo r  s i m p l e  t r a n s v e r s e  f low V x = 0, Vy = kx,  Vz = 0, w h e r e  Vx, Vy,  and  Vz a r e  the  
v e l o c i t y  c o m p o n e n t s  i n t h e D e s c a r t e s  c o o r d i n a t e  s y s t e m  xyz ,  and  k -- eons t ,  we  ob t a in  equa t ions  fo r  the  d e -  
s c r i p t i o n  of the  o r i e n t a t i o n  of  an  e l l i p s o i d a l  p a r t i c l e :  

Xk . 7  

(13) 

H e r e  ~o is  the  ang le  b e t w e e n  the  x a x i s  and  the  p r o j e c t i o n  of  the  ax i s  of  r o t a t i o n  of  the  e l l i p s o i d a l  p a r -  
t i c l e  on the  x y  p l a n e ,  0 i s  the  ang le  be tween  the  z a x i s  and  the p a r t i c l e ' s  r o t a t i o n  a x i s ,  m i s  the  p a r t i -  
eleTs m a s s ,  and 

8 0 ~  a 2 - -  b 2 
7 =  3 r o b  ' ~*= a ~ + b  2 

In the  c a s e  of  r o t a t i o n  of the  m a c r o m o l e c u l e s  having  been  e s t a b l i s h e d  in the  p l a n e  of  d i s p l a c e m e n t  
(0 = ~ /2 ) ,  the  quan t i ty  ~ n e e d e d  to d e t e r m i n e  the  func t ion  F (7) w i l l  be sought  in the  f o r m  of  an  a s y m p t o t i c  
e x p a n s i o n  in  p o w e r s  of the  s m a l l  p a r a m e t e r  k / T .  

N e g l e c t i n g  t e r m s  of  o r d e r  ( k / y )  2 and h i g h e r ,  we ob ta in  

k (l ~k = ~ ( i  -t- X cos 2q~) -]- ~ s i n  2~ )  

F r o m  Eq.  (7) we f ind the  d i s t r i b u t i o n  func t ion  

F ( (p )~ - (q~  + i)-1 (i + ~r 2q))-' (t -~- ~ sin 2~) -1 
(14) 

W e  d e t e r m i n e  the  v a l u e s  T l I - T 3 3  , T22-T33 , 1/2 (Wl2+T21), i/2 (TI2-T21) and the  a v e r a g e d  func t ion  fo r  
Tij  (9) u s i n g  the  d i s t r i b u t i o n  funct ion  (14): 

Here 

T n  - -  Taa = as <sin (p cos 8 (p> k -~- (as -{- a6 -t- a7 + as) <sin (p Cos q)> k / 2  - -  (aT + as) < ~) s in  (p cos (p) 

!T2s - -  Taa = as <sin ~ qD cos r k .~- (as -~ a 6 ,  a7 --  as) <sin (p cos (p> k / 2 -~- (aT 2f. as) < (p Sill q) 60S (D) 

_ _  _[aa (Sin~ (p cos~ q) > aT--~as . . a a - . [ - a ~ - ~ a 6 ] k . . ~ . ~ .  ~ - -  4 <cos ~> -t- "" 2 < (~ cos 2~> 

T , ~ - - T s ,  a T - - a a  ( k ~ a , - - a 5  __  k 
2 -- 2 (~> -- -~')  -l- - - ' -T - -  <cos z~> "T 

kq (qa _ 4q~ _]_ q _ 2) 
<sin r cos 8 [p> = 4T (q + t)  'z (q.Z + i )  

kq (q --  i) (q2 + q + 2) 
<sin a ~ cos ~> ~ - -  4~; (q -I- i )s  (q2 _[_ ~) 

�9 k q  ( q  - -  i )  
<sin (p cos r = T (q -~- i) (q~ -~- i) 

q q - - i  <sins q~ c~ (P) -- 2 (q ~- t) ~ ' <cos 2T> = q -[- t 
.kq 

<(P)-- q2_[_ l , <~p sin cp cos (p> ~ <(~eos 2(p> = 0  

(i5) 

(16) 
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It follows f rom the  functions (15) and (16) that in the case under considerat ion the s t r e ss  tensor  is 
symmetr ica l ,  the effective v iscos i ty  does not depend on the rate of displacement,  and the differences in the 
normal  s t r e s se s  TII-T33 and T22-T3~ differ f rom zero.  

Thus, weak solutions of po lymers ,  the macromolecules  of which can be simulated by rigid ellipsoids 
of rotat ion taking into account the inertia of the macromolecules ,  exhibit non-Newtonian proper t ies ,  even 
if the Brownian motion of the macromolecules  is not considered [7]. 
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